THE DIMENSION OF A SUBCATEGORY OF MODULES 
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Abstract. Let i? be a commutative noetherian local ring. As an analogue of the 
^^ , notion of the dimension of a triangulated category defined by Rouquier, the notion of the 

^^ ' dimension of a subcategory of finitely generated i?-modules is introduced in this paper. 

J>~>, We found evidence that certain categories over nice singularities have small dimensions. 

When R is Cohen-Macaulay, under a mild assumption it is proved that finiteness of 
the dimension of the full subcategory consisting of maximal Cohen-Macaulay modules 
which are locally free on the punctured spectrum is equivalent to saying that R is an 
isolated singularity. As an application, the celebrated theorem of Auslander, Huneke, 
Leuschke and Wiegand is not only recovered but also improved. The dimensions of 
stable categories of maximal Cohen-Macaulay modules as triangulated categories are also 
investigated in the case where R is Gorenstein, and special cases of the recent results of 
Aihara and Takahashi, and Oppermann and Stovicek are recovered and improved. Our 
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r~| ' key technique involves a careful study of annihilators and supports of Tor, Ext and Horn 
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between two subcategories. 



^ ■ 1. Introduction 

(y-^ ■ The notion of the dimension of a triangulated category has been introduced imphcitly by 

0> . Bondal and Van den Bergh [8] and exphcitly by Rouquier |25] . It is defined as the number 

of extensions necessary to build the category from a single object, up to finite direct sum, 

(^ I direct summand and shift. Rouquier proved that the bounded derived category of coherent 

CN I sheaves on a separated scheme of finite type over a perfect field has finite dimension. 

Finiteness of the dimension of the bounded derived category of finitely generated modules 

over a complete local ring with perfect coefficient field was recently proved by Aihara and 

r> ■ Takahashi IT]. 

?—( ■ 
c^ . The concept of a thick subcategory of a triangulated category has been introduced by 

Verdier [31], by the name of epaisse subcategory, to develop the theory of localizations 

of triangulated categories. Thick subcategories have been studied widely and deeply so 

far, mainly from the motivation to classify them; see [6l [TJ [HI [151 HB UHl 1231 [271 EH] for 

instance. Since a thick subcategory is a triangulated category, its dimension in the sense 

of Rouquier can be defined. It turned out by Oppermann and Stovicek [J^ that over a 

noetherian algebra (respectively, a projective scheme) all proper thick subcategories of the 

bounded derived category of finitely generated modules (respectively, coherent sheaves) 

containing perfect complexes have infinite dimension. 
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The concept of a resolving subcategory of an abelian category has been introduced by 
Auslander and Bridger |3]. They proved that in the category of finitely generated modules 
over a noetherian ring the full subcategory consisting of modules of Gorenstein dimension 
zero is resolving. A landmark development concerning resolving subcategories was made 
by Auslander and Reiten |1] in connection with tilting theory. Recently, several studies 
on resolving subcategories have been done by Dao and Takahashi [HI [121 EEl EH EHl 129] . 

In this paper, we introduce an analogue of the notion of the dimension of a triangulated 
category for full subcategories X of an abelian category with enough projective objects. 
To be precise, we define the dimension of X as the number of extensions necessary to build 
X from a single object in A", up to finite direct sum, direct summand and syzygy. To 
state our results, let us fix some notation. Let i? be a Cohen- Macaulay local ring. Denote 
by CM(i?) the category of maximal Cohen-Macaulay i?-modules, and by CMo(-R) the 
category of maximal Cohen-Macaulay /^-modules that are locally free on the punctured 
spectrum. These two categories are resolving subcategories of the category mod R of 
finitely generated /^-modules. The stable categories of CM(i?) and CMo(-R) are denoted 
by CM (-R) and CM n(-R), respectively. When R is Gorenstein, CM(-R) is a triangulated 
category [S1[IB], and CM n(-R) is a thick subcategory of CM(_R). The main purpose of this 
paper is to investigate finiteness of the dimensions of resolving subcategories of mod i?, 
and the dimensions of thick subcategories of CM (-R) in the case where R is Gorenstein. 
Our first main result is a characterization of the isolated singularity of R in terms of the 
dimensions of CMo(-R) and CMp (-R): 

Theorem 1.1. Let R be a Cohen-Macaulay local ring with maximal ideal m. 

(1) Consider the following four conditions. 

(a) The dimension of CM q{R) is finite. 

(b) r/ie z(iea/noo,A/,7VgCMo(K)'^""«E^ti?(^'^) is m-primary. 

(c) r/ie zdea/ni>o,Af,7VGCMo(R)AnnijTorf(M,iV) is m- primary. 

(d) The ring R has at most an isolated singularity. 

Then, the implications (a) <^ (b) =^ (c) =^ (d) hold. The implication (d) =^ (a) also 
holds if R is complete, equicharacteristic and with perfect residue field. 

(2) Suppose that R is Gorenstein, and consider the following three conditions. 

(a) The dimension of the triangulated category CM r,(R) is finite. 

(b) The annihilator of the R-linear category CM q(-R) is m-primary. 

(c) The ring R has at most an isolated singularity. 

Then the implications (a) <^ (b) =^ (c) hold, and so does (c) =^ (a) if R is complete, 
equicharacteristic and with perfect residue field. 

The celebrated Auslander-Huneke-Leuschke-Wiegand theorem states that every Cohen- 
Macaulay local ring of finite Cohen-Macaulay representation type has at most an isolated 
singularity. This was proved by Auslander [2] in the case where the ring is complete, by 
Leuschke and Wiegand [22] in the case where the ring is excellent, and by Huneke and 
Leuschke [19] in the general case. Our Theorem II. II not only deduces this result but also 
improves it: 
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Corollary 1.2 (Improved Auslander-Huneke-Leuschke-Wiegand Theorem). Let R be a 
Cohen- Macaulay local ring. Suppose that there are only finitely many isomorphism classes 
of indecomposable maximal Cohen- Macaulay R-modules which are locally free on the punc- 
tured spectrum. Then R has at most an isolated singularity. 

This result very easily follows from the first assertion of Theorem ll.li Indeed, the 
assumption of the corollary implies that the dimension of CMo(-R) is zero, hence is finite. 

Our Theorem 11.11 also gives rise to finiteness of the dimensions of CM(i?) and QM{R) 
when R has an isolated singularity, the latter of which is a special case of the main result 
of Aihara and Takahashi [1] . 

Corollary 1.3. Let R be a Cohen- Macaulay excellent local ring with perfect coefficient 
field. Suppose that R has at most an isolated singularity. Then CM{R) is of finite dimen- 
sion. If R is Corenstein, then CM{R) is of finite dimension as a triangulated category. 

Our second main result in this paper concerns finiteness of more general resolving 
subcategories of mod R and thick subcategories of CM{R). Denote the n-th syzygy of an 
i?-module M by Q"M. 

Theorem 1.4. Let R be a d-dimensional Cohen- Macaulay local ring with residue field k. 

(1) Let X be a resolving subcategory of mod-R containing Q.'^k and strictly contained in 
CM(i2). // one of the following three statements holds, then X has infinite dimension. 

• R is locally a hypersurface on the punctured spectrum. 

• R is locally with minimal multiplicity on the punctured spectrum. 

• R is excellent and locally of finite Cohen- Macaulay representation type on the 
punctured spectrum, and X contains a dualizing module. 

(2) Let R be Corenstein and locally a hypersurface on the punctured spectrum. Then every 
proper thick subcategory of CM (-R) containing Q'^k has infinite dimension. 

(3) Let R be a hypersurface. Then every resolving subcategory of mod R containing a 
nonfree module and strictly contained in CM{R) and every nontrivial thick subcategory 
of CM (R) have infinite dimension. 

The third assertion of Theorem 11.41 improves for hypersurfaces the main result of Op- 
permann and Stovicek [23]. Let D^(mod R) denote the bounded derived category of mod R 
and perf R the full subcategory of perfect complexes. 

Corollary 1.5. Let R be a local hypersurface. Let X be a thick subcategory o/D^(modi?) 
with perf i? C A" C D^(modi?). Then the Verdier quotient X / ped R has infinite dimen- 
sion as a triangulated category. In particular, the dimension of X is infinite. 

The organization of this paper is as follows. In Section 2, together with our convention 
we will recall several basic definitions and fundamental facts for later use. Section 3 will 
introduce the notions of the dimensions of subcategories of an abelian category and a 
triangulated category, and compare them with each other and with the concept of the 
radius of a subcategory which has been introduced in [11]. We also compute the dimension 
of the category of Cohen-Macaulay modules in some small cases, such as rational surface 
singularities, see Proposition [321 In Section 4, we will study the annihilators and supports 
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of Tor, Ext and Horn as functors on the direct product of given two subcategories X, y of 
mod R and CM(i?). The results stated in this section will become the basis to obtain the 
main results of this paper. Section 5 will mainly explore the nonfree loci of subcategories 
of CM(i?) and the stable supports of subcategories of CM(i?), using the results obtained 
in Section 4. In Section 6, we will consider finiteness of the dimensions of the resolving 
subcategory CMo(-R) of modi? and the thick subcategory CMo(-R) of CM (R), and give 
a proof of Theorem II. 1[ The aim of Section 7 will be to investigate finiteness of the 
dimensions of more general resolving subcategories of mod R and thick subcategories of 
CM (R). We will prove Theorem 11.41 in this section. 

2. Preliminaries 
In this section, we recall basic definitions and fundamental facts for later use. 

Convention 2.1. Throughout this paper, unless otherwise specified, we assume: 

(1) All rings are commutative noetherian rings, and all modules are finitely generated. 
All subcategories are nonempty, full and strict (i.e., closed under isomorphism). Hence, 
the subcategory of a category C consisting of objects {MaJasa always means the smallest 
strict full subcategory of C to which Mx belongs for all A G A. This coincides with the 
full subcategory of C consisting of objects X E C such that X = Mx for some A G A. 

(2) Let i? be a ring. The singular locus Singi? of R is the set of prime ideals p oi R such 
that the local ring Rp is not regular. By Speco(-R) we denote the set of nonmaximal prime 
ideals of R. This is nothing but the punctured spectrum oi R ii R is local. 

(3) The category of -R-modules is denoted by mod R, and the subcategory of modules of 
finite length is denoted by fl R. An /^-module M is called (maximal) Cohen- Macaulay if 
depth Mp > dimi?p for all p G Spec/?. (Hence the zero module is Cohen- Macaulay.) The 
subcategory of modi? consisting of Cohen-Macaulay modules is denoted by CM(i?). 

(4) For a subcategory X of an additive category C, we denote by add X (or addc X, or 
addij X when C = mod R) the additive closure of X, namely, the subcategory of C consist- 
ing of direct summands of finite direct sums of objects in X. When X consists of a single 
object M, we simply denote it by add M (or addc M, add/^M). For an abelian category A 
with enough projective objects, we denote by proj A the subcategory of projective objects. 
For n > 1 the n-th syzygy of an object M G ^ is denoted by Q"M (or Q^M, or fi^M 
when A = mod R). Whenever R is local and A = mod R, we use a minimal free resolution 
of M to define Q^M, so that it is uniquely determined up to isomorphism. 

Definition 2.2. Let A be an abelian category with enough projective objects. A subcat- 
egory rY of ^ is called resolving if X contains proj A and is closed under direct summands, 
extensions and kernels of epimorphisms. The last two closure properties mean that for 
an exact sequence — )■ L — )■ Af — )■ A^ — )■ in ^ with N e X one has L e X -^ M e X. 

The notion of a resolving subcategory has been introduced by Auslander and Bridger 
[3] . It is a subcategory such that any two minimal resolutions of a module by modules in it 
have the same length (cf. [Sj Lemma (3.12)]). Every resolving subcategory is closed under 
finite direct sums. One can replace closure under kernels of epimorphisms with closure 
under syzygies (cf. [Ml Lemma 3.2]). Clearly, proj^ and A are the smallest and largest 
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resolving subcategories of A, respectively. A lot of resolving subcategories are known. 
For example, CM(i?) is a resolving subcategory of modi? if R is Cohen- Macaulay. The 
subcategory of mod R consisting of totally reflexive i?-modules is resolving by [3l (3.11)]. 
One can construct a resolving subcategory easily by using vanishing of Tor or Ext. Also, 
the modules of complexity less than a fixed integer form a resolving subcategory of mod R. 
For the details, we refer to |26l Example 2.4]. 

Definition 2.3. (1) For /^-modules M, N we set Hom pfM, N) = HomR(M, N)/Vr{M, N), 
where Vr{M, N) is the set of i?-homomorphisms M ^ N factoring through projective 
modules, which is an i?-submodule of \-\omji{M, N). 

(2) The stable category of CM{R), which is denoted by CM(i?), is defined by Ob(CM(i?)) = 
Ob(CM(i?)) and HomcM(R) (M, iV) = Hom^(M,iV) for M,N e Oh(CM(R)). 

Let i? be a Gorenstein ring with dimi? < oo. Then R is an Iwanaga-Gorenstein ring. 
Taking the syzygy makes an autoequivalence Q : CM(i?) — > CM(_R) of categories, whose 
quasi-inverse is given by taking the cosyzygy, and CM(i?) is a triangulated category with 
shift functor T. = Q.~^. For the details, see [HI Theorem 4.4.1] or [T6| §2 in Chapter I]. We 
can also find in [27l Remark 1.19] how to define an exact triangle. 

Definition 2.4. A thick subcategory of a triangulated category is defined to be a trian- 
gulated subcategory closed under direct summands. 

The notion of a thick subcategory has been introduced by Verdier [31] by the name 
of epaisse subcategory to develop the theory of localizations of triangulated categories. 
Every thick subcategory of a triangulated category T contains the zero object of T, and 
is closed under shifts, namely, if M is an object in X, then so are HM and Z~^M. 
Clearly, {0} and T are the smallest and largest thick subcategories of T, respectively. 
When R is local, the bounded complexes of i?-modules having finite complexity form 
a thick subcategory of the bounded derived category D'^(mod-R) of modi?. When R is 
Gorenstein with dimi? < oo, for a fixed i?-module C, the Cohen-Macaulay i?-modules M 
with Torf (M, C) = for i 3> form a thick subcategory of CM(i?). 

Definition 2.5. (1) For a subcategory X of CM(i?), we define the category ^ by Ob(rY) = 
Ob(A') and Hom^(M, N) = IHom^(M, A^) for M,N e Ob(^). 

(2) For a subcategory X of CM (i?), we define the category X by Ob(A') = Ob(A:') and 
Hom^{M,N) = HomR{M,N) for M,N e Ob(^). 

Let i? be a Gorenstein ring of finite KruU dimension. If A" is a thick subcategory of 
CM fi?), then Af is a resolving subcategory of modi? contained in CM(i?). Conversely, if 
A" is a resolving subcategory of mod i? contained in CM(i?), then ^ is a thick subcategory 
of CM fi?) provided that i? is a local complete intersection; see [TTl Corollary 4.16]. 

Definition 2.6. (1) The nonfree locus NF(M) of an i?-module M is the set of prime 
ideals p of i? such that the i?p-module Mp is nonfree. The nonfree locus of a subcategory 
X of modi? is defined by NF{X) = [j^j^^nF{M). For a subset W of Speci? we set 
NFcm(W^) = {M e CM(i?) I NF(M) CW}. 
(2) The stable support SuppM of a Cohen-Macaulay i?-module M is the set of prime 



6 HAILONG DAO AND RYO TAKAHASHI 

ideals p oi R such that Mp = in CM (Rp). The stable support of a subcategory X 
of CM(-R) is defined by SuppA" = [J^j^^^ SuppM. For a subset W of Speci? we set 
Supp-i W = {M e CM{R) I SuppM C W }. 

Recall that a subset W of Speci? is called specialization- closed if W contains V(p) for 
every p G W. It is equivalent to saying that W is a. union of closed subsets of Speci?. 

Remark 2.7. The following hold for M G mod R, N e CM{R), X C mod R,y CCM{R), 
Z C CM(i?) and W C Spec/? (cf. ^ Propositions 1.14, 1.15, 6.2 and 6.4]). 

(1) NF(M) is empty if and only if M is projective. NF(M) contains only maximal ideals 
if and only if M is locally free on SpecQ(-R). 

(2) NF(M) is a closed subset of Speci? in the Zariski topology. NF(A') is a specialization- 
closed subset of Spec-R. 

(3) One has NF(:y) C Singi?, NF(NFcm(W")) ^ W and NFcm(W") =^^lu^ n Sing/?). 

(4) One has Supp^^ = NF(A^), SuppZ = NF(3^), Supp^ = NF(^) and Supp'^ 1^ = 

NFc^(iy) . 

(5) If R is Cohen-Macaulay, then NF(CM(i?)) = Singi?, and NFcm(W^) is a resolving 
subcategory of modi? contained in CM(i?). 

(6) If R is Gorenstein with dim R < oo, then Supp^^ W^ is a thick subcategory of CM{R). 

Definition 2.8. For an integer n > -1 we set CM„(/?) = {M e CM{R) \ dim NF(M) < 
n} and CM„(i?) = CM„(i?) = { M G CM (i?) | dim Supp M<n}. 

Remark 2.9. Let i? be a (i-dimensional Cohen-Macaulay local ring with residue field k. 

(1) One has addi? = CM_i(i?) C CMo(i?) C CMi{R) C ... C CM^iR) = CM{R) and 
{0} = CM^iiR) C CMq{R) C CMi(i?) C . . . C CM^(i?) = CM(R). 

(2) One has CM„(i?) = NF^mIIP e Singi? | dimi?/p <n}) and CM„(i?) = Supp ~^({p G 
Singi? I dimi?/p < n}) for n > —1. Hence CM„(i?) is a resolving subcategory of modi? 
contained in CM(i?), and CM „(i?) is a thick subcategory of CM{R) if R is Gorenstein. 

(3) The category CMo(i?) consists of the Cohen-Macaulay i?-modules that are locally free 
on SpeCo(i?). Hence CMo(i?) is the smallest subcategory of modi? containing Q.'^k that 
is closed under direct summands and extensions; see [271 Corollary 2.6]. In particular, a 
resolving subcategory of mod i? contains CMo(i?) if and only if it contains Q.'^k. 

3. Definitions of dimensions of subcategories 

This section contains the key definitions and establishes several results. More precisely, 
the notions of the dimensions of subcategories of an abelian category and a triangulated 
category will be introduced. We will compare them with each other and with the concept 
of the radius of a subcategory. Their relationships with representation types will also be 
explored. First of all, we recall the definition of a ball given in [HI [HI [25] . 

Definition 3.1. (1) Let T be a triangulated category. 

(a) For a subcategory A" of T we denote by {X) the smallest subcategory of T con- 
taining X that is closed under finite direct sums, direct summands and shifts, i.e., 
(X) = add7-{ Z*X \ i E Z, X E X}. When X consists of a single object X, we sim- 
ply denote it by (X). 
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(b) For subcategories X,y of T we denote hj X *y the subcategory of T consisting of 
objects M which fits into an exact triangle X ^ M -^ Y ^ ZX in T with X & X and 
Y ey.We^ei Xoy = {{X)* (y)). 

(c) Let C be a subcategory of T. We define the hall of radius r centered at C as 

■C, [{C> (r = l). 

^ '' \{C),_,«C = {{C),_i.{C)) (r>2). 

If C consists of a single object C, then we simply denote it by {C)r, and call it the ball 
of radius r centered at C. We write {C)J when we should specify that T is the ground 
category where the ball is defined. 
(2) Let A be an abelian category with enough projective objects. 

(a) For a subcategory A' of ^ we denote by [X] the smallest subcategory of A containing 
proj^ and X that is closed under finite direct sums, direct summands and syzygies, i.e., 
[X] = add^(proj^ U { Q*X \ i > 0, X e X}). When X consists of a single object X, we 
simply denote it by [X]. 

(b) For subcategories X,y oi A we denote hj X o y the subcategory of A consisting 
of objects M which fits into an exact sequence 0— )-X— )-M— )-y— )-Oin^ with X E X 
and F e 3^. We set A" • 3^ = [[X] o [y]]. 

(c) Let C be a subcategory of A. We define the ball of radius r centered at C as 

p. flCl (r = l), 

' '^ \|C],_i.C = ||C|,_io|C|] (r>2). 

If C consists of a single object C, then we simply denote it by [C]r., and call it the ball 
of radius r centered at C . We write [C]l^ when we should specify that A is the ground 
category where the ball is defined. 

Remark 3.2. The following statements hold (cf. [TT1I25]). 

(1) Let T be a triangulated category, and A", 3^, Z,C subcategories. 

(a) An object M E T belongs to A" o 3^ if and only if there is an exact triangle X — ?> 
Z — 7- y — )■ HX with X G {X) and Y G (3^) such that M is a direct summand of Z. 

(b) One \ia.s {X oy) o Z = X o [y o Z) and {C)a o (C)b = {C)a+b for all a, 6 > 0. 

(2) Let A be an abelian category with enough projectives, and X,y,Z,C subcategories. 

(a) An object M E A belongs to A* • 3^ if and only if there is an exact sequence 
-^ X ^ Z ^Y ^ Q with X e [X] and Y G [3^] such that M is a direct summand of Z. 

(b) One h&s {X •y) • Z = X • {y • Z) and [C]a • [C\b = [C]a+b for all a,b>0. 

Now, for a triangulated category and an abelian category with enough projective ob- 
jects, we can make the definitions of the dimensions of subcategories. 

Definition 3.3. (1) Let T be a triangulated category. Let ^Y be a subcategory of T. We 
define the dimension of X, denoted by dim X (or dirriT- A"), as the infimum of the integers 
n > such that X = (G)X+i for some G E X. 

(2) Let A be an abelian category with enough projective objects. Let A' be a subcategory 
of A. We define the dimension of X, denoted by dim A" (or dim_4A:'), as the infimum of 
the integers n > such that X = [GJ^+i for some G E X. 
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The dimension of a subcategory A" of ^ is by definition the infimum of ra > with 
'^ ^ [CJn+i for some G ^ X. Then the only difference between the definitions of dim A" 
and radius A" is that we do now require the object G to be in A". This is subtle but will 
turn out to be crucial. For example, let R = C[[x,y]]/{x'^y). Then the radius of CMo(-R) 
is 1 by fiUl Proposition 4.2] and [HI Propositions 2.10], in particular, it is finite. But the 
dimension of CMo(-R) is infinite by Theorem 16.21 which will be proved later in this paper. 

Remark 3.4. (1) One has dimA:'eNU{oo}in both senses. 

(2)If A" is a triangulated subcategory of T (respectively, an abelian subcategory of A 

containing proj^), then dimT-A" = dim^t''^ (respectively, dim_4A' = dim;f A"). 

(3) The definition itself works for every subcategory X oiT (respectively. A). But the 
equality X = (G')X+i (respectively, X = [G]-:^^-^^) forces X to be closed under finite direct 
sums, direct summands and shifts (respectively, to contain the projective objects and be 
closed under finite direct sums, direct summands and syzygies). So, basically, a subcate- 
gory whose dimension is considered is supposed to be thick (respectively, resolving). 

(4) The subcategory {0} of T and the subcategory proj ^ of ^ have dimension 0. 

The dimension of a subcategory of an abelian category is an analogue of the radius 
of a subcategory of mod R introduced by the authors [11] . (In fact it can be defined for 
a subcategory of an arbitrary abelian category with enough projective objects.) These 
have several relationships as follows. Recall that a Cohen- Macaulay local ring R is said 
to have finite (respectively, countable) Cohen- Macaulay representation type if there are 
only finitely (respectively, countably but infinitely) many nonisomorphic indecomposable 
Cohen-Macaulay i?-modules. 

Proposition 3.5. (1) One has radius A* < dim A* for any subcategory X of mod R. 

(2) Let R be Gorenstein of finite dimension. Let X be a thick subcategory of CM (R). Then 
dim A" < dimA* (see Definition \2.5\) holds. We also have radius CM (_R) = dim CM(_R). 

(3) If R is a local hypersurface, then one has dim CM(_R) = radius CM(i?) = dim CM(_R). 

Proof. (1) This assertion is by definition. 

(2) We claim that for a Cohen-Macaulay i?-module G and an integer n > 1 every object 
M E [G]'P^°^^ belongs to {G)—^ ' . Indeed, this claim is an easy consequence by induction 
on n. Now assume dim A" = m < oo. Then there is a Cohen-Macaulay i?-module G 
satisfying X = [G]^^!^. The claim implies that X is contained in (G)^^ . Since X is 
thick, it coincides with {G):~-^ ' . Hence we have dim A" < m. 

For the second assertion, suppose radius CM (i?) = n, so there exists G G modi? such 
that CM(i?) C [G]n+i. It follows that for a big enough one has CM(i?) = [Q-'^Q'^G]„+i, 
thus dim CM(i?) < n and the equality follows from (1). 

(3) The inequalities dim CM (-R) < radius CM(i?) < dimCM(i?) are obtained by using 
[TT| Proposition 2.6(1)] and (1). The proof of [HI Proposition 2.6(2)] actually shows that 
dimCM(i?) <dimCM(i?). ■ 

Next we calculate some examples of categories with small dimensions. 

Proposition 3.6. Let {R,m,k) be a Cohen-Macaulay local ring. 



THE DIMENSION OF A SUBCATEGORY OF MODULES 9 

(1) If R has finite Cohen- Macaulay representation type then dimCM(i?) = 0. The con- 
verse is true of R is hensenlian and Gorenstein. 

(2) Suppose dim R = 2, k is algebraically closed and R is hensenlian, normal with rational 
singularity in the sense of [21]. Then dim CM(i?) < 1. 

(3) Suppose R is a complete local hypersurface with an algebraically closed coefficient field 
of characteristic not two. If R has countable Cohen- Macaulay representation type, 
then one has dim CM(i?) = 1. 

Proof. (1) This follows from (1) of Proposition [3751 and [TTl Proposition 2.8]. 

(2) By [20l Theorem 3.6] (which rests on [33l Theorem 2.1], whose proof goes through 
in our slightly more general setting), there exists X G CM(i?) such that QCM(i?) = 
addX. Let M G CM(i?) be any maximal Cohen- Macaulay module and let M^ denote 
Hom/j(M, wr). We have an exact sequence: 

-^ QAf ^ ^ i?" ^ Af "^ ^ 

Applying V\omR{-,UR) we get 

^ Af ^ w^ ^ (QA/^)^ -^ 

It follows that CM(i?) = [X^ ®ujr]2. 

(3) This is shown by (3) of Proposition 13.51 and [TTj Proposition 2.10]. ■ 

4. Annihilators and supports of Tor, Ext and Hom 

In this section, we investigate the annihilators and supports of Tor, Ext and Hom as 
functors on the direct product of given two subcategories X, y of mod R and CM(i?). Our 
results stated in this section will be the basis to obtain the main results of this paper. We 
start by fixing our notation. 

Notation 4.1. (1) For subcategories X .,y of mod-R, we define: 

Jor{X,y) = e,>o,x.A',yeyTorf(X,F), Ext{X,y) = ^^^...^^y^yExtUX^Y). 

If X (respectively, y) consists of a single module M, we simply write Tor(Af, y) and 
Ext(A^,3^) (respectively, Tor(A',Af) and Ext(A',A^)). 
(2) For subcategories X, y of CM (R), we define: 

Hom(A',3^) = ®x^x,Yey^^omRiX,Y). 

If X (respectively, y) consists of a single module M, we simply write Hom(Af, 3^) 
(respectively, Hom (X,M)). 

Remark 4.2. (1) Let X C X' and 3^ C 3^' be subcategories of mod R. Then 
SuppTor(A',3^) C SuppTor(A",y), Supp Ext(A', 3^) C Supp Ext(A", 3^'), 
V(Ann Tor(A', 3^)) C V(Ann Tor(A", 3^'))> V(Ann Ext{X, y)) C V(Ann Ext{X', y')). 

(2) Let X, y be subcategories of mod R. Then one has 

SuppTor(A',3^) C V(AnnTor(A',3^)), Supp Ext(A', 3^) C V(Ann Ext(;f , 3^)). 

The equalities do not hold in general because Tor(A:', 3^) and Ext(A', 3^) are usually 
infinitely generated -R-modules. 
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(3) Let R be Gorenstein with dimi? < oo, and let X,y be subcategories of CM(_R). 
Suppose that either A" or 3^ is closed under shifts. Then one has the equalities 

AnnHom(A',y) = AnnExtCy,^), Supp HomfA', y) = Supp Ext(:Y,3^). 

Indeed, for all i > 0, X e X and Y e y we have Exf^(X,F) = Hom^(Z-^X, F) ^ 
HomjX^T'Y) and IHom^(X,r) ^ Ext)j(ZX,y) ^ Ext)j(X, Z-^F). The assertion 
is an easy consequence of these isomorphisms. Using these two equalities, we can 
translate results on Ann Ext and Supp Ext into ones on Ann Horn and Supp Horn. 

Our first purpose in this section is to analyze the annihilators of Tor, Ext on subcate- 
gories of mod R by means of the annihilators of Tor, Ext on smaller subcategories: 

Proposition 4.3. Let R be local and M be an R-module. Let a G -R, n G Z and t G N. 

(1) Suppose thataTor^{M,X) = aJor^_^{M,X) = for all R-modules X with dimX < 
t. Then a^ Tor^(M, X) = for all R-modules X with dim X < t + 1. 

(2) Suppose that a Ext^(M, X) = a Ext^+^(M, X) = for all R-modules X with dim X < 
t. Then a^ Ext^(M, X) = for all R-modules X with dim X < t + 1. 

(3) Suppose that a Ext^(X, M) = a Ext^+^(X, M) = for all R-modules X with dimX < 
t. Then a^ Ext^(X, M) = for all R-modules X with dim X < t + 1. 

Proof. We only prove the first assertion, since the second and third assertions are shown 
similarly. Fix an i?-module X with dim X < t + 1. We want to show c? Tor^(M, X) = 0. 
By assumption, we have only to deal with the case dimX = t + 1. Let r G -R be part 
of a system of parameters of X. Then we have dim X/rX = t, and it is easy to see that 
dim(0 :x ^) < i holds. Our assumption implies 

a Torf (M, X/rX) = a Torf (M, (0 :x r)) = for i = n, n - L 

There are exact sequences — ?■ (0 :x ?") — ^ X — )■ rX — )■ and — )■ rX — > X — )■ X/rX — )■ 
0, which give exact sequences 

(4.3.1) Tor^(M,X) A Tor^(M,rX) ^ Torli(Af, (0 :x r)), 

(4.3.2) Tor^(M, rX) 4 Tor^(M, X) ^ Tor^(M, X/rX). 

Let y G Tor^(M, X). By (14.3. 2p we have ay = g{z) for some z G Tor^(M, rX), and by 
(14.3.11) we have az = f{w) for some w G Tor^(M, X). Hence a'^y = gf{w) = rw, and we 
obtain a^ Tor^ (M, X) C r Tor^ (M , X) for every element r E R that is part of system of 
parameters of M. Since the element r^ is also part of system of parameters of M for all 
j > 0, the module a^Tor^(M, X) is contained in H .^gr-' Tor^(M, X), which is zero by 
KruU's intersection theorem. ■ 

Iteration of the above proposition yields the following result; the annihilators of Tor, Ext 
on mod R can be controlled by the annihilators of Tor, Ext on fl R. 

Corollary 4.4. Let R be a local ring of dimension d. Let a E R and n G Z. 

(1) Suppose that a Torf {M,N) = for all n - 2d < i < n and M,N G fli?. Then 
a^'" Tor^(M, X) = for all M,N e mod R. 
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(2) Suppose that aExfj^{M,N) = for all n < i < n + 2d and M,N E i\R. Then 
a^'" Ext^(M, iV) = for all M, N e mod R. 

Proof. Let us show the first assertion; the second one follows from a similar argument. 
First, fix M G f\ R. Applying Proposition 14.3( 1) repeatedly, we get: 

a Torf (M, N) = ioi all n - 2d < i < n and iV G fl i?, 

a^ Torf (M, iV) = for all n - 2rf + 1 < z < n and iV G mod R with dim iV < 1, 

a^ Torf (M, iV) = for all n - 2rf + 2 < i < n and A^ G mod R with dim N < 2, 

and we obtain a'^'^ Torf (M, A^) = for all n - (i < i < ra and M G f I i? and A^ G mod R. 
Next, fix A^ G mod R. A similar argument to the above gives: 

a^" Torf (M, A^) = for all n - rf < z < n and M G fl R, 

a^"^' Torf (M, A^) = for all n - rf + 1 < z < ra and M G mod R with dim M < 1, 

a^'^' Torf (M, A^) = for all n - rf + 2 < z < n and M G mod R with dim M < 2, 

and finally we get a^"' Torf (M, A^) = for all M, A^ G mod R. ■ 

In the case where R is Cohen-Macaulay, the annihilators of Tor, Ext on mod R can also 
be controlled by the annihilators of Tor, Ext on CMo(-R). 

Proposition 4.5. Let R be a d-dimensional Cohen-Macaulay local ring. 

(1) Let a G Ann Tor(CMo(i?), CMo(i?)). Then a^'" Torf (M, A^) = for alii > Ad and all 
R-modules M, A^. 

(2) Let a G Ann Ext(CMo(i?), CMo(i?)). Then a2''('^+i) Exf^(M, A^) = for all i > d and 
all R-modules M, N. 

Proof Let M, A^ be /2-modules of finite length. Note that Q.'^M, Q'^N belong to CMo(i?). 

(1) We have aTorf (Q'^M, Q'^A^) = for every i > 0, which implies aTorf(M,A^) = 
for every i > 2d. Now let n > Adhe an integer. Then a Tor^ (M , A^) = for all integers 
i with n - 2d < i < n. It follows from Corollary WMl) that a^^"^ Torf (X, F) = for all 
i?-modules X, Y . 

(2) Fix an integer z > 0. We have aEKt%{K,L) = for all K,L e CMo(-R). For each 
integer j > there is an exact sequence — ?■ Q.^~^^N -^ Fj -^ Q^N — )■ such that Fj is 
free. Since Fj and Q'^N belong to CMo(i?), we have a Ext^(/s:, Fj) = a Exf^(i^, Q'^N) = 0. 
An exact sequence Extyi^,Fj) -^ Ext^ JiT, Q^X) -^ Exe^^{K,Q^+^N) is induced, and 
an inductive argument shows that a'^^^ Ext^(i^, N) = 0. (Note that in general an exact 
sequence A -^ B ^ C yields Ann A- Ann C C Ann B.) Letting K := Q'^M, we observe that 
a'^+^ Ext^(M, N) = for every h > d. Corollary g2l2) yields {a'^+y^" Ext^(X, Y) = for 
all h > d and X,Y e mod R. ■ 

Now we can prove that the annihilators of Tor, Ext on CMo(-R) are contained in all prime 
ideals in the singular locus of R. 
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Proposition 4.6. (1) Let R be a Cohen- Macaulay local ring. Then one has 

S- ^C fv(AnnTor(CMo(i?),CMo(/2))), 
- [V(AnnExt(CMo(i?),CMo(i?))). 

(2) Let R be a Gorenstein local ring. Then 

Singi? C V(Ann Hom(CMo(i?),CMo(i?))). 

Proof. (1) Let p be any prime ideal in Singi?. Take an element a G 

AnnTor(CMo(i?), CMo(i?)). Then, by Proposition IISKI) we have a^'" Torf (i?/p, i?/p) = 
for i > Ad. Localization at p shows that a^ Torj ''{n^p), k{p)) = ioi i > 4d. If a is not 
in p, then a^ is a unit in Rp, and it follows that Tor^ ''(k(p), k(p)) = for z > 4d. This 
is impossible since the local ring Rp is nonregular, and thus a G p. The assertion for Ext 
is also proved analogously. 

(2) Since Ann Hom f CMn Ci?), CMn(R)) coincides with Ann Ext(CMo(i?), CMo(/?)), the as- 
sertion follows from (1). ■ 

Remark 4.7. In some results such as Propositions I4.6l and l5. li the stable category versions 
are given, because they are used in the proofs of the main results of this paper. We can 
also give the stable category versions of other results such as Propositions 14.51 and 14. 8[ 
but do not, just because they are not necessary to prove our main results. 

Let Rhe a. complete equicharacteristic local ring with residue field k. Let A be a Noether 
normalization of R, that is, a formal power series subring k[[xi, . . . , Xd\], where xi, . . . ,Xd 
is a system of parameters of R. Let R^ = R ®a R be the enveloping algebra of R over A. 
Define a map fj, : R'^ ^ Rhj /i(x ® y) = xy for x,y E R, and put OT^ = /i(Ann/je Ker/i). 
Then OT^ is an ideal of R, which is called the Noether different of R over A. We denote by 
D^t^ the sum of DT^, where A runs through the Noether normalizations of R. Under a mild 
assumption, we can substantially refine the statement for Ext in the previous proposition, 
as follows: 

Proposition 4.8. Let R be a Cohen- Macaulay complete equicharacteristic local ring with 
perfect residue field. Then 

V(AnnExt(A',3^)) = Singi? 

for all CMo(i?) C A" C CM(i?) and CMq{R) C 3; C modi?. 

Proof. We have the inclusions below, the first of which follows from Proposition 14.6( 1). 

Sing R C V(Ann Ext(CMo(i?), CMo(i?))) 

C V(Ann £xt{X, y)) C V(Ann Ext(CM(i?), mod R)). 

By virtue of [32l Corollary 5.13], the module Ext(CM(i?), modi?) is annihilated by the 
ideal DT^. Hence V(Ann Ext(CM(i2), modi?)) is contained in V(9T^). On the other hand, 
it follows from [HH Lemma (6.12)] that V(9T^) coincides with Singi?. ■ 

In the rest of this section, we study over an arbitrary local ring how the sets 
V(Ann Tor(A:', y)) and V(Ann Ext(A', y)) vary as X, y move subcategories of modi?. 
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Proposition 4.9. Let R be a local ring of dimension d, and let X be a subcategory of 
modi?. Then one has 

V(Ann Tor(A', Q'^ mod R)) C V(Ann Tor(A', fl R)) C V(Ann Tor(A', mod i?)), 
V(Ann Ext(A', fl R)) = V(Ann Ext(A', mod i?)), 
V(Ann Ext(fl R, X)) = V(Ann Ext(mod R, A")), 

where Q*^ mod R denotes the subcategory of mod R consisting of the d-th syzygies of modules 
in X . 

Proof. Let a,h,c G R he elements such that aTorf(X, M) = 6Ext|^(X, M) = 
cExt^(Y,M) = for all i > 0, X G A" and M G f I -R. Then a similar argument to the 
proof of Corollary 1121 shows that a^^ Torf (X, M) = h'^" Extij(X, M) = c^" Ext^K(M, X) = 
for alH > d, j > 0, X G A" and M G mod R. Hence we have 



AnnTor(A',fli?) C VAnn Tor(A', Q^modi?), 



Ann Ext(A', fl R) C ^Ann Ext(A:', mod R) 



Ann Ext(fl R, X) C y/Ann Ext(mod i?, A"). 

Therefore V(Ann Tor(A', Q!^ mod R)), V(Ann Ext(A', mod i?)) and V(Ann Ext(mod R, X)) are 
contained in V(Ann Tor(A', fli?)), V(Ann Ext(A', fli?)) and V(Ann Ext(fl /?, A")), respec- 
tively. The other inclusion relations are straightforward. ■ 

Corollary 4.10. Let R be a local ring. The sets V(Ann Ext(A',3^)) are constant over the 
subcategories X,y of mod R containing fl R. 

Proof First, since flRcyc mod R, we have V(Ann Ext(A', fl R)) C V(Ann Ext(A', y)) C 
V(Ann Ext(A:', modi?)). Proposition 14.91 implies that the left and right ends are 
equal. Next, the inclusions f I /?, C X C modi? imply V(Ann Ext(fli?, modi?)) C 
V(Ann Ext(A:', modi?)) C V(Ann Ext(modi?, modi?)), where the left and right ends co- 
incide by Proposition SSI Thus, we obtain V(Ann Ext{X,y)) = V(Ann Ext(A:', modi?)) = 
V(AnnExt(modi?, modi?)). ■ 

5. NONFREE LOCI AND STABLE SUPPORTS OF SUBCATEGORIES 

This section mainly investigates the nonfree loci of subcategories of CM(i?) and the 
stable supports of subcategories of CM(i?), using the results obtained in the previous 
section. First of all, let us study relationships of nonfree loci and stable supports with 
supports and annhilators of Tor, Ext and Horn. 

Proposition 5.1. (1) For an R-module M one has equalities 

NF(M) = SuppTor(M,modi?) = V(Ann Tor(M, mod i?)) 
= Supp Ext(M, mod i?) = V(Ann Ext(Ai, mod i?)). 

(2) Let R be a d-dimensional Gorenstein ring. For an object M G CM (i?) one has 

SuppM = SuppHom(M,CM(i?)) = V(Ann Hom(M, CM(i?))). 
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Proof. (1) Let us prove the equalities NF(M) = SuppTor(M, mod i?) = 
V(AnnTor(M, modi?)). First, let p G NF(M). Then we have Torf (M, i?/p)p = 
Tor^ ''(Mp, k(p)) 7^ 0. Hence NF(M) is contained in SuppTor(M, mod _R), which is con- 
tained in V(Ann Tor(M, mod -R)). Next, let p G V(Ann Tor(M, mod i?)), and suppose 
p ^ NF(M). Then Mp = /2®" for some n > 0, which gives an exact sequence 

such that Kp = = Cp. We can choose an element x G -R \ p satisfying xK = = xC. 
Taking the image L of / decomposes the above exact sequence into two short exact 
sequences, which make an exact sequence 

(5.1.1) Torf (K, N) ^ Torf (M, N) ^ Torf (L, N) = Torf+i(C, N) 

for each i > and A^ G mod R. Since x annihilates Torf{K, N) and Tor^]^(C, A^), the el- 
ement x^ annihilates Torf(M, A^). This means that x^ belongs to Ann Tor(M, modi?), 
which is contained in p. Thus x belongs to p, which is a contradiction. Con- 
sequently, V(Ann Tor(M, mod/2)) is contained in NF(M), and now the equalities 
NF(M) = SuppTor(M, modi?) = V(Ann Tor(M, mod i?)) follow. Along the same 
lines as in the above, one can prove the equalities NF(M) = Supp Ext(M, mod i?) = 
V(Ann Ext(M, mod/2)), using the following instead of (15.1.11) : 

Ext^^(C,A^) = Exf^(L,A^) -^ Ext^(M,A^) -^ Ext^j^{K,N). 

(2) We have Supp Af = NF(M) = Supp Ext(M, mod /2) = V(Ann Ext(M, mod /2)) 
by (1). Since R is Gorenstein and M is Cohen-Macaulay, the isomorphism 
Exf^(M,Ar) ^ Exe+'^{M,Q.'^N) holds for all z > and A^ g mod /2. Note 
here that Q'^A^ is Cohen-Macaulay. Now it is easy to observe that the equal- 
ities Supp Ext(M, mod /2) = Supp Ext(M, CM(/2)) = Supp Hom (M, CM(/2)) and 
V(AnnExt(M,mod/2)) = V(Ann Ext(M, CM(/2))) = V(Ann Hom(M, CM(/2))) hold. ■ 

Remark 5.2. (1) Let M be an /2-module. Take an ideal / of /2 with NF(M) = V(/). 
Then Proposition 15.1( 1) implies that there exists an integer h > such that I^ 
annihilates Torf(M,X) and Ext^(M,A:) for alH > and X G mod /2. This is a 
generalization of [131 Lemma 4.3]. 

(2) One has NF(A') = Supp Ext(A', 3^) for all subcategories X, y of mod R with QX C y. 
In fact, it is obvious that NF(A:') contains Supp Ext(A',3^), and the opposite inclusion 
relation is obtained by the fact that NF(X) = Supp Ext^(X, Q.X) for each /2-module 
X (cf. [261 Proposition 2.10]). The equality NF(M) = Supp Ext(M, mod/2) in Propo- 
sition [5?T] is also a consequence of this statement. 

Here we need to inspect the annihilators of Tor, Ext, Hom of balls: 
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Lemma 5.3. (1) Let X,y be subcategories of mod R and n > an integer. Then: 

Ann TorffAfl^, 3^)1 
(AnnTor(A-.Mr C ^ ^_^_^^^^j^_l^y j C A„„Tcr(^.J>). 

In particular, V(Ann Tor(A:', 3^)) = V(Ann Tor([A']„, J^)) = V(Ann Tor(A', [3^],,)) and 
V(Ann Ext(A', y)) = V(Ann Ext{[X]n, y)) = V(Ann Ext(A', [3^]„,)) hold. 
(2) Suppose that R is Gorenstein of finite Krull dimension. Let X,y be subcategories of 
CM (R) and n >0 an integer. Then there are inclusions 

(AnnHom(A',3;)r C <^ -—)' C Ann Horn (A", 3^). 

In particular, one has equalities VfAnn Hom fA:', y)) = VfAnn Hom ((A')„, y)) = 
V(AnnHom(A',(3^)„)). 

Proof. Let us only prove the inclusions (Ann Tor(A',3^))" C Ann Tor([A']„, 3^) C 
Ann Tor(A', 3^); the other inclusions can be shown similarly. It is clear that the second 
inclusion holds. As for the first inclusion, it suffices to show that 

Ann Tor([A']„, 3^) D Ann Tor([A']„_i, 3^) ■ Ann Tor(A', 3^) 

holds for any n > 1. Take elements a E Ann Tor([A']„_i, 3^) and b E Ann Tor(A', 3^). Fix 
i > 0, Z E [X]n and Y E y. Then there exists an exact sequence 0— j-L— )-M— t-A^— j-O 
with L E [X]n-i and A^ E [X] such that Z is a. direct summand of M. This induces 
an exact sequence Torf(L,F) — )■ Torf(M, y) — )■ Torf(A^, F). Since a and b annihilate 
Torf(L,F) and Torf(A^, F) respectively, the element ab annihilates Torf(M, F). Thus 
the proof is completed. ■ 

Now we state restriction made by finiteness of dimension. The following result says that 
finite-dimensional subcategories of CM{R) and CM (R) containing the Cohen-Macaulay 
modules that are locally free on SpeCo(-R) define the biggest nonfree loci and stable sup- 
ports. 

Proposition 5.4. Let R be a Cohen-Macaulay local ring. 

(1) Let X be a subcategory ofCM{R) containing CMo(-R). If X has finite dimension, then 
NF{X) = S\ngR. 

(2) Suppose that R is Gorenstein. Let X be a subcategory of CM (R) containing QMq{R) . 
If X has finite dimension, then Supp A" = Sing/?. 

Proof. (1) Setting dim A* = n, we find a module G E X with X = [G]n+i- We have 

NF{X) = NF(G) = V(Ann Ext(G, modi?)) = V(Ann Ext(A', modi?)) = Singi?, 

where each equality follows from the following observation: 

(a) Let p be a prime ideal not in NF(G'). Then Gp is i?p-free. For each M E X, we have 

Mp E [Gp]„+i, which implies that Mp is i?p-free. Hence p is not in UF{X). 
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(b) This is obtained by Proposition 15.11 

(c) This follows from Lemma 15. 31 

(d) We have V(Ann Ext(A', modi?)) = NF(A') C Singi? by (a), (b) and (c). Proposition 
14.61 shows that Sing/2 is contained in V(Ann Ext(CMo(-R), CMo(-R))), which is contained in 
V(Ann Ext(A', mod R)) since CMo(i?) C A' C mod R. 

(2) This statement is shown by an analogous argument to (1). ■ 

Here, recall that a local ring {R, m) is called a hypersurface if the m-adic completion 
of i? is a residue ring of a complete regular local ring by a principal ideal. Also, recall 
that a Cohen-Macaulay local ring R is said to have minimal multiplicity if the equality 
e{R) = edimi? — dimi? + 1 holds, where e(i?) denotes the multiplicity of R and edimi? 
denotes the embedding dimension of R. 

The preceding proposition states that finiteness of the dimension of a subcategory X 
implies 

Nf{X) = S\ngR. 

Now we are interested in how this condition is close to the condition that X = CM{R). 
In fact, it turns out by some results in [271 129] that these two conditions are equivalent 
under certain assumptions. We state this here, and by combining it with a result obtained 
in the previous section we give a criterion for a resolving subcategory to coincide with 
CM(i?) in terms of the support and annihilator of Ext. 

Proposition 5.5. Let {R,m,k) be a Cohen-Macaulay local ring of dimension d. Let X he 
a resolving subcategory of mod R contained in CM{R). Suppose that one of the following 
three conditions is satisfied. 

• R is a hypersurface. 

• R is locally a hypersurface on SpeCo(-R), and X contains Q.'^k. 

• R is locally with minimal multiplicity on SpeCo(-R), and X contains Q.'^k. 

• R is excellent and locally of finite Cohen-Macaulay representation type on 
SpecQ(_R), and X contains Q.'^k and a dualizing R-module. 

Then the following statements hold. 

(1) One has X = Nf^l^{Nf{X)). Hence, X = CM{R) if and only ifNF{X) = S\ngR. 

(2) Assume that R is complete and equicharacteristic and that k is perfect. Then X = 
CM{R) if and only if Supp Ext{X , y) = V(Ann Ex\:{X,y)) for some subcategory y of 
modi? containing CMq{R). 

Proof. (1) The former assertion follows from [271 Main Theorem] and [291 Theorem 5.6 
and Corollary 6.12]. The latter assertion is shown by the former. 

(2) We have Supp Ext(CM(i?), modi?) C V(Ann Ext(CM(i?), modi?)) = Singi?, where 
the equality follows from Proposition 14. 8[ Let p G Singi?, and set M = Q'^{R/p). Then 
M is Cohen-Macaulay, and p belongs to NF(M). We have NF(M) = Supp ExtJj(M, QM) 
(cf. [261 Proposition 2.10]), which is contained in Supp Ext(CM(i?), mod R). Thus we have 
Supp Ext(CM(i?), mod i?) = V(Ann Ext(CM(i?), mod i?)), which shows the 'only if part. 

Suppose that Supp Ext(A:', 3^) = V(Ann Ext(A:', 3^)) for some subcategory y of modi? 
containing CMo(i?). It is evident that the inclusions Supp Ext(A:', 3^) C NF(A:') C Singi? 
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hold. Proposition 14.81 yields the equality Singi? = V(Ann Ext(A', 3^)). Hence we have 
NF(A') = Singi?. It follows from (1) that X = CM{R). Thus the 'if part is proved. ■ 

Remark 5.6. As to the equivalence in Prop osition 15.5( 1). the 'only if part always holds, 
but 'if part does not hold without the assumption on the punctured spectrum. Let 

where k is a field. This is a 1-dimensional complete intersection local ring with Speci? = 
Singi? = {p, q,m}, where p = {x,y), q = (x, z),m = {x,y,z). Let 

X = resR{m®R/{x)). 

(For an i?-module M we denote by res^ M the resolving closure of M, i.e., the smallest 
resolving subcategory of modi? containing M.) Then A* is a resolving subcategory of 
modi? contained in CM(i?) and containing Q^fc = m. We have NF(A') = NF(m©i?/(x)) = 
Singi? by [26l Corollary 3.6]. However, X does not coincide with CM(i?); the Cohen- 
Macaulay i?- module R/p does not belong to X. Indeed, assume R/p G X. Then ^(p) 
belongs to resRp((m © R/{x))p) = resR^{Rp/xRp) by [26l Proposition 3.5]. Every object 
of resji^{Rp/xRp) is a Cohen-Macaulay i?p-module whose complexity is at most that of 
Rp/xRp by [5], Proposition 4.2.4]. Since i?p = k[[x,y,z]](^x,y)/{x'^,y'^), the complexity of 
the i?p-module Rp/xRp is 1. This shows that k{p) has complexity at most 1, which cannot 
occur because i?p is not a hypersurface (cf. 0, Remark 8.1.1(3)]). Thus i?/p is not in X. 

6. Dimensions of CMo(i?) and CM^fi?) 

In this section, we consider finiteness of the dimensions of CMo(i?) and ClVl gfi?). It will 
turn out that it is closely related to the condition that R is an isolated singularity. Let us 
begin with studying over a Cohen-Macaulay local ring R the relationship between finite- 
ness of the dimensions of subcategories of CMfi?), CM fi?) and the m-primary property of 
the annihilator of Tor, Ext, Horn on them, where m is the maximal ideal of R. 

Proposition 6.1. Let {R,xn,k) be a Cohen-Macaulay local ring of dimension d. 

(1) (a) Let X he a subcategory of QMq{R) with dim A" < oo. Let y he any subcategory of 

mod R. Then Ann Tor(A', 3^) and Ann Ext{X^ y) are m-primary. 
(b) Suppose that R is Gorenstein. Let X he a subcategory of CM ^jR) with dim A" < oo. 
Let y be any subcategory of CM (R). Then Ann Hom(^,3^) is m-primary. 

(2) (a) Let X be a resolving subcategory of modi? contained in CM(i?) and containing 

Q.'^k. Let y be a subcategory of mod R containing X. If Ann Ext{X , y) is m- 
primary, then dim A" < oo. 
(b) Suppose that R is Gorenstein. Let X be a thick subcategory of CM (i?) containing 
Q.'^k. Let y be a subcategory of CM fi?) containing X. If Ann Hom{X,y) is m- 
primary, then dim A' < oo. 

Proof. (1) We prove only the assertion on Tor in (a) because the other assertions are 
similarly shown. Let n = dim X. Then there exists a module G & X such that 
X = [G]n+i. Lemma [573] implies V(Ann Tor(A', 3^)) = V(Ann Tor(G, 3^)), which is con- 
tained in V(AnnTor(G', modi?)). On the other hand, one sees from Proposition 15.11 that 
V(Ann Tor(G, mod i?)) = NF(G) holds, and NF(G) is contained in {m} since G e CMo(i?). 
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Therefore we obtain V(Ann Tor(A', 3^)) C {m}, which shows that Ann Tor(A', 3^) is an 
m-primary ideal of R. 

(2) We prove only the statement (a) because (b) follows from (a) and Proposition l3.5( 2). 
For some integer h> the ideal m'^ annihilates Ext{X,y). Take a parameter ideal Q of 
R contained in m'*. Fix a module M in X. Then Q-'M is in X since X is resolving, and 
it is also in y. Hence we have Q Ext^(M, Q-'M) = for 1 < i,j < d. Since M is Cohen- 
Macaulay, we can apply [271 Proposition 2.2] to M, which shows that M is isomorphic 
to a direct summand of Q.'^{M/QM). As the ring R/Q is artinian, there exists an integer 
r > such that xuJ'{R/Q) = 0. We have a filtration 

M/QM D m{M/QM) D m\M/QM) ■ ■ ■ D m'"(M/QM) = 

of i?/(5-submodules of M/QM. Decompose this into exact sequences -^ 
m^+i(M/QM) -^ m\M/QM) -^ k®'^ -^ 0, where < z < r - 1. Taking the rf-th 
syzygies, we obtain exact sequences 

^ Q.\m'+\M/QM)) ^ Q.\m\M/QM)) © i?®*' ^ {Q.%®'^ -^ 0. 

By induction on i, we observe that the i?-module Q'^{M/QM) belongs to [Q'^/cj^, and 
hence M G [Q'^fej^. Since X is resolving and contains Q.'^k, we have X = [Q.'^kjj.. (Note 
here that r is independent of the choice of M.) Therefore dimA:'<r — l<oo. ■ 

Recall that R is called an isolated singularity if the local ring Rp is regular for all 
p G SpecQ(i?). Recall also that the annihilator of an i?-linear additive category C is 
defined as: 



n 



AnnijHomc(M,iV). 

Combining Propositions 16. ![ 14.61 and 14.81 yields our first main result of this paper, which 
is a characterization of the isolated singularity of R in terms of the dimensions of CMo(-R) 
and CMo(i?): 

Theorem 6.2. Let R he a Cohen- Macaulay local ring with maximal ideal m. 

(1) Set the following four conditions. 

(a) The dimension of CM q{R) is finite. 

(b) The ideal Ann Ext(CMo(i?), CMo(-R)) is m-primary. 

(c) r/ie zdea/ AnnTor(CMo(-R), CMo(-R)) ism-primary. 

(d) The ring R is an isolated singularity. 

Then, the implications (a) <^ (b) =^ (c) =^ (d) hold. The implication (d) =^ (a) also 
holds if R is complete, equicharacteristic and with perfect residue field. 

(2) Suppose that R is Gorenstein, and set the following three conditions. 

(a) The dimension of the triangulated category CMq{R) is finite. 

(b) The annihilator of the R-linear category CMq (-R) is m-primary. 

(c) The ring R is an isolated singularity. 

Then the implications (a) <^ (b) =^ (c) hold, and so does (c) =^ (a) if R is complete, 
equicharacteristic and with perfect residue field. 
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The celebrated Auslander-Huneke-Leuschke-Wiegand theorem states that every Cohen- 
Macaulay local ring R of finite Cohen-Macaulay representation type is an isolated singu- 
larity. This was proved by Auslander [21 Theorem 10] when R is complete, by Leuschke 
and Wiegand [221 Corollary 1.9] when R is excellent, and by Huneke and Leuschke [T9l 
Corollary 2] in the general case. Our Theorem 16.21 not only deduces this result but also 
improves it as follows: 

Corollary 6.3. Let R be a Cohen-Macaulay local ring. Suppose that there are only 
finitely many isomorphism classes of indecomposable Cohen-Macaulay R-modules which 
are locally free on SpecQ(i?). Then R is an isolated singularity, and hence R has finite 
Cohen-Macaulay representation type. 

Proof. Let Mi, . . . , Mn be the nonisomorphic indecomposable Cohen-Macaulay R- 
modules which are locally free on SpeCo(-R). Then CMo(-R) contains M := Mi © ■ ■ ■ ©Mfj. 
Since CMo(-R) is resolving, it also contains [M]. On the other hand, take A^ G CMo(-R). 
Then each indecomposable summand of A^ also belongs to CMo(-R), so it is isomorphic to 
one of Ml, ... , M„. Hence A^ is in add M. Therefore we have CMo(i?) = add M = [M]. 
This implies dim CMo(-R) = < oo, and the assertion follows from Theorem 16.2( 1). ■ 

Our Theorem 16.21 also gives rise to finiteness of the dimensions of CM{R) and CM{R) 
as a direct consequence, the latter of which is nothing but [H Corollary 5.3]. 

Corollary 6.4. Let R be a Cohen-Macaulay equicharacteristic complete local ring with 
perfect residue field. Suppose that R is an isolated singularity. Then CM{R) has finite 
dimension. If R is Corenstein, CM (-R) has finite dimension as a triangulated category. 



Remark 6.5. In Corollary 16. 4[ one can replace the assumption that R is complete with 
the weaker assumption that R is excellent, using a similar argument to the proof of [H 
Theorem 5.8]. (It is proved in [H Theorem 5.8] that the latter statement in Corollary 16.41 
holds true even if R is not complete but excellent.) 

Indeed, since the completion i? of i? is still an isolated singularity. Corollary 16.41 implies 
that CM(i?) has finite dimension. Putting n = dim CM(_R), we have CM(i?) = [C]„+i for 
some Cohen-Macaulay i?-module C. It follows from [271 Corollary 3.6] that there exists 
a Cohen-Macaulay -R-module G such that C is isomorphic to a direct summand of the 
completion G of G, and hence we have CM{R) = [G']„_|_i. Now we claim the following. 

Claim. Let m > 0. For any A^ G [G]m there exists M G [G]m such that A^ is isomorphic 
to a direct summand of M. 

This claim is shown by induction on m. When m = 1, the module A^ is isomorphic 
to a direct summand of a direct sum ®j=i Q}'G for some k > 0, and we can take M = 
®i=i f^'^C Assume m > 2. There is an exact sequence (t:0— )-X— )-Z— )-y— )-0 with 
X G [G]m-i and Y G [G] such that A" is a direct summand of Z. The induction hypothesis 
implies that there exist V G [(?]„„! and W G [G] such that X and Y are isomorphic to 
direct summands of V and W, respectively. We have isomorphisms V = X (B X' and 
W = Y ®Y', and get an exact sequence a' : ^ V ^ Z' ^ W ^ 0, where Z' = X' ® 
Y' © Z. Regard a' as an element of £xt\{W , V). We have Ext\{W , V) ^ Ext)j(iy, Vf ^ 
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Ext ji{W, V), where the latter isomorphism follows from the fact that Extj^{W, V) has finite 
length as an i?-module. This gives an exact sequence r:0— t-V"— t-M— t-W^— t-O such 
that r = cr' as i?-complexes. Since M = Z' = X' (BY' (B Z, the module A^ is isomorphic 
to a direct summand of M. As M e [G]m, the claim follows. 

Let X G CM(/2). Then the completion X is in CM(i?) = [G]„+i. The claim implies 
that there exists M G [G]„+i such that X is isomorphic to a direct summand of M. Hence 
X G add^(M). It is seen by [H Lemma 5.7] that X is in adduM, whence X G [Gln+i- 

7. Dimensions of more general resolving and thick subcategories 

In the preceding section, we studied finiteness of the dimensions of the resolving sub- 
category CMo(-R) of mod R and the thick subcategory CM q(R) of CM(R). The aim of this 
section is to investigate finiteness of the dimensions of more general resolving subcategories 
of mod R and thick subcategories of CM (R). We start by the following theorem. 

Theorem 7.1. Let {R,ra,k) be a Cohen- Macaulay local ring. Let W be a specialization- 
closed subset of Spec R contained in Singi?. 

(1) Set the following three conditions. 

(a) NF^iyyi(Vr) has finite dimension. 

(b) W is either % or Sing i?. 

(c) NFcm(W^) is either addR orCM{R). 
Then (a) ^ (b) ^ (c) hold. 

(2) Let R be Gorenstein. Set the following three conditions. 

(a) Supp~"'^(H^) has finite dimension. 

(b) W is either % orS'mgR. 

(c) Supp ~^(iy) IS either Q orCM(R). 

Then (a) ^ (b) ^ (c) hold. The implication (c) ^ (a) also holds if R is excellent 
and equicharacteristic and k is perfect. 

Proof. (1) As to the implication (a) =^ (b), we may assume W ^ ^. Then W contains m, as 
W is specialization-closed. Hence we have CMo(i?) = NFcM({m}) C NFc^(Vr) C CM(i?). 
Proposition [531 shows NF(NFcm(W')) = Singi?. Since NF(NFcm(W^)) is contained in W, 
we have W = Singi?. The implication (b) =^ (c) is trivial. 

(2) The proof of the implications (a) =^ (b) =^ (c) is similar to the corresponding 
implications in (1). The implication (c) =^ (a) is obtained by [H Theorem 5.8]. ■ 

We do not know whether the implication (c) =^ (a) in Theorem 17.1( 1) holds true: 

Question 7.2. Let R he a. Cohen-Macaulay excellent local ring containing a field and 
with perfect residue field. Then, is the dimension of CM(i?) finite? We do not know the 
answer even if R is complete or essentially of finite type over a field. The only answer 
we know is that this is affirmative when R is an isolated singularity, by Corollary 16.41 and 
Remark 16.51 

In the rest of this section, we give several applications of our Theorem 17. 1[ First, we 
generalize some implications in Theorem | 
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Corollary 7.3. Let R be a Cohen- Macaulay local ring, and let n he a nonnegative integer. 

(1) // dim CM„(i?) < oo, then dim Sing R < n. 

(2) Suppose that R is Gorenstein. If dim CM „(-R) < oo, then dimSingi? < n. The 
converse also holds if R is excellent, equicharacteristic and with perfect residue field. 

Proof. Let W be the set of prime ideals p G Singi? such that dim/2/p < n. Then W is 
a specialization-closed subset of Spec/? contained in Singi?. Since W contains m, it is 
nonempty. 

(1) Since CM„(i?) = NFcm(W^), Theorem 0(1) shows W = Singi?, which implies the 
inequality dim Sing i? < n. 

(2) As CM ^(R) = Supp~^(W), the assertion follows from Theorem 17.1( 2). ■ 

The next application of Theorem 17.11 is our second main result of this paper, which 
provides many sufficient conditions for a subcategory to have infinite dimension. 

Theorem 7.4. Let {R,m,k) be a d-dimensional Cohen- Macaulay local ring. One has 
dim A:" = oo m each of the following cases: 

(1) R is locally a hypersurface on SpecQ(-R). 

X is a resolving subcategory of mod R with Q'^k ^ X C. CM{R). 

(2) R is Corenstein and locally a hypersurface on SpeCg(-R). 

X is a thick subcategory of CM (i?) with Q'^k ^ X ^ CM{R) . 

(3) R is locally with minimal multiplicity on SpeCo(-R). 

X is a resolving subcategory of mod R with Q'^k E X C. CM(i?). 

(4) R is excellent, admits a canonical module u and locally has finite Cohen- Macaulay 
representation type on SpeCo(-R). 

X is a resolving subcategory of mod R with {ujQ.'^k} ^ X C. CM{R). 

(5) R is a hypersurface. 

X is a resolving subcategory of mod R with addi? y^ X C CM(i?). 

(6) R is a hypersurface. 

X is a thick subcategory of CM{R) with {^} ^ X 4^ CM(i?). 

Proof. Note from the assumption on X that R is nonregular in each of the cases (l)-(4). 
By Proposition ESl^l), we have addRj^ X = NFcm(NF(A')) in the cases (1),(3),(4),(5), 
and {0} ^ X = Supp~^(Supp A") in the cases (2), (6). Theorem 17.11 completes the proof. 

■ 

Denote by D'^(modi?) the bounded derived category of modi?, and by perf i? the sub- 
category of perfect complexes (i.e., bounded complexes of projective modules). Recently, 
Oppermann and Stovicek [2ll Theorem 2] proved that every proper thick subcategories of 
D^(mod R) containing perf R has infinite dimension. In the case where i? is a hypersurface, 
we can refine this result as follows: 

Corollary 7.5. Let R be a local hypersurface. Let X be a thick subcategory of D^{modR) 
with perf R Q X C. D^(modi?). Then the Verdier quotient X/perfR has infinite dimen- 
sion, and in particular so does X . 
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Proof. Note that a thick subcategory of D'^(mod-R) contains perf i? if and only if it con- 
tains R. The equivalence CM{R) = D^(mod i?)/ perf i? of triangulated categories given 
by Buchweitz [9], Theorem 4.4.1] corresponds each thick subcategory of CM (-R) to a sub- 
category of D^(mod R)/ perf i? of the form X / perf i?, where A" is a thick subcategory of 
D'^(mod-R) containing perf R. Thus Theorem 17.4( 6) implies that X / perf R has infinite 
dimension. The last assertion is easy (cf. [251 Lemma 3.4] or [H Lemma 3.5]). ■ 
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